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TAME DYNAMICS AND ROBUST TRANSITIVITY
C. BONATTI, S. CROVISIER, N. GOURMELON, AND R. POTRIE
Abstract. One main task of smooth dynamical systems consists in finding
a good decomposition into elementary pieces of the dynamics. This paper
contributes to the study of chain-recurrence classes. It is known that C1-
generically, each chain-recurrence class containing a periodic orbit is equal
to the homoclinic class of this orbit. Our result implies that in general this
property is fragile.
We build a C1-open set U of tame diffeomorphisms (their dynamics only
splits into finitely many chain-recurrence classes) such that for any diffeo-
morphism in a C∞-dense subset of U , one of the chain-recurrence classes
is not transitive (and has an isolated point). Moreover, these dynamics are
obtained among partially hyperbolic systems with one-dimensional center.
1. Introduction
In the setting of hyperbolic diffeomorphisms, Smale’s spectral decomposition
theorem organizes the global dynamics by decomposing it into a finite number
of pieces. After the first examples of open sets of non hyperbolic systems
[AS, New] people focused on non hyperbolic dynamics trying to recover a
decomposition in pieces in this new setting. Many such examples have been
obtained, and we can distinguish two main different behaviours:
– The dynamics can be globally “undecomposable”: there are open sets
of transitive systems, i.e. having a half-orbit which is dense in the whole
manifold, see [Sh, Ma, BD1]. In the same spirit, other examples present
a decomposition in finitely many disjoint, isolated, robustly transitive
compact invariant sets [Ca, BV, BD1].
– On the opposite, the dynamics of generic systems in some Cr-open
sets (r ≥ 1) can split into infinitely many pieces, see [New, BD2].
Necessarily in this case, some pieces of the decomposition should be
accumulated by other ones.
These two patterns (finite or infinite number of indecomposable pieces) are
called tame and wild systems: in order to formalize these notions we have to
explain what we mean by “pieces”. Several definitions have been proposed.
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– A natural way for a piece to be dynamically indecomposable is to be
transitive. Among notable transitive sets are the homoclinic classes
of hyperbolic periodic orbits, that is, the closure of the transversal
intersection of ther invariant manifolds. These classes contain dense
subsets of hyperbolic periodic orbits that are homoclinically related:
the stable manifold of each of these orbits intersects transversally the
unstable manifold of each other.
– Other natural candidates for pieces are the maximal transitive sets
[BD2]. They always exists but may fail to be disjoint and to capture a
large part of the dynamics.
– By weakening the notion of transitivity, Conley [Co] defined the very
general notion of chain-recurrence classes for homeomorphisms on a
compact manifoldM . The chain-recurrent set R(h) is the set of points
x contained in closed ε-pseudo-orbits for every ε > 0. This set splits
into invariant compact subsets called chain-recurrence classes : two
points x, y ∈ R(f) are in a same class if for every ε > 0 they are con-
tained in a same closed ε-pseudo-orbit. The chain-recurrence classes
cover the whole interesting dynamics, as this notion of recurrence is
the weakest possible: the chain-recurrence set contains the limit sets
and the non-wandering set. Moreover, the different chain-recurrence
classes can be separated by filtrations of the dynamics.
Each of these notions has its advantages and drawbacks and in general they
do not coincide. When f is a C1-generic diffeomorphism, one gets better prop-
erties. For instance, [BC] showed that any chain-recurrence class C containing
a hyperbolic periodic orbit O coincides with the homoclinic class H(O) of O,
and is the unique maximal transitive set containing O. Of course, these proper-
ties are not satisfied by all diffeomorphisms, but once they hold C1-generically,
one can expect that they persist on larger class of systems, in particular for
some close Cr-diffeomorphisms. More precisely one can ask:
Question 1. Consider a hyperbolic periodic orbit Of whose continuation ex-
ists on an open set U0 of C
1-diffeomorphisms. Under what conditions does
there exists a dense open subset U ⊂ U0 such that the chain-recurrence class
containing Of is transitive for any f ∈ U? coincides with the homoclinic class
H(Of)?
This question could be asked for an important particular case. A chain-
recurrence class C of a diffeomorphisms f is robustly isolated (for the C1-
topology) if there exists a neighborhood O of C and a C1-neighborhood U of
f such that, for every g ∈ U , the set R(g) ∩ O of chain-recurrent points in O
coincides precisely with a chain-recurrence class Cg of g called its continuation.
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Following [Ab, BD4], one says that a diffeomorphism f is tame if each of its
chain-recurrence classes is robustly isolated: in this case, the number of chain-
recurrence classes is finite and constant on a C1-neighborhood of f . Tame
diffeomorphisms are the simplest ones and the dynamics of C1-generic such
systems is easier to describe: for instance, all its chain-recurrence classes are
homoclinic classes [BC]. Until now, the unique known examples of tame dy-
namics have robustly transitive chain-recurrence classes, i.e. robustly isolated
classes whose continuation remains transitive for any C1-perturbation. For
this reason it was natural to ask:
Question 2 ([BC], problem 1.3). Is there a dense subset D in the space
Diff1(M) of diffeomorphisms such that every robustly isolated chain-recurrence
class of any f ∈ D is robustly transitive?
The present paper gives a negative answer to this question. We denote there
by Diffr(M) the space of Cr-diffeomorphisms of M .
Main Theorem (first version). Any compact manifold M , with dim(M) ≥
3, admits a smooth diffeomorphism f with a robustly isolated chain-recurrence
class Cf satisfying for any r > 1 the following property.
The diffeomorphisms g such that the continuation Cg is not transitive form
a Cr-dense subset of a C1-neighborhood of f in Diffr(M).
Actually, the fact for a class to be robustly isolated brings several restriction
on the dynamics. On surfaces, it is well-known that such a class needs to be
far from homoclinic tangencies [New, PS]. Also it was shown in [BDP] that it
presents dominated splittings and volume hyperbolicity. Indeed the dominated
splitting is the structure which is antagonist to the homoclinic tangencies [W,
G]. Conversely, we expect (see [B], conjecture 11) that, C1-generically, any
chain-recurrent classes exhibiting enough hyperbolicity is robustly isolated:
this should be the case for partially hyperbolic classes with a one-dimensional
center bundle (see a precise definition in section 2.1).
The aim of this paper is to build an example of a robustly isolated class
as close as possible to being hyperbolic, in particular C1-far from homoclinic
tangencies, which nevertheless is not robustly transitive. There is the precise
statement of our result.
Main Theorem. When dim(M) ≥ 3, there exist a C1-open set U ⊂ Diffr(M),
1 ≤ r ≤ ∞, a Cr-dense subset D ⊂ U and an open set U ⊂ M with the
following properties:
(I) Isolation: For every f ∈ U , the set Cf := U∩R(f) is a chain-recurrence
class.
(II) Non-robust transitivity: For every f ∈ D, the class Cf is not transitive.
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(III) Partial hyperbolicity: For any f ∈ U , the chain-recurrence class Cf is
partially hyperbolic with a one-dimensional central bundle.
More precisely:
(1) For any f ∈ U there exists a subset Hf ⊂ Cf that coincides with the
homoclinic class of any hyperbolic periodic x ∈ Cf . Moreover, each
pair of hyperbolic periodic points in Cf with the same stable dimension
is homoclinically related.
(2) For any f ∈ U there exist two hyperbolic periodic points p, q ∈ Cf
satisfying dimEsp = dimE
s
q +1 and Cf is the disjoint union of Hf with
W u(p) ∩W s(q). Moreover the points of W u(p) ∩W s(q) are isolated in
Cf .
In particular, if W u(p) ∩W s(q) 6= ∅, the class Cf is not transitive.
(3) One has D := {f ∈ U : W u(p) ∩W s(q) 6= ∅}. Moreover, this set is a
countable union of one-codimensional submanifolds of U .
(4) The chain-recurrent set of any f ∈ U is the union of Cf with a finite
number of hyperbolic periodic points (which depend continuously on f).
Remark 1. The isolated points Cf \Hf are nonwandering for f . However, they
do not belong to Ω(f |Ω(f)) (since they are isolated in Ω(f) and non-periodic).
Let us give now the spirit of our construction. We consider two hyperbolic
periodic points p and q with different stable dimension: dim(Esp) = dim(E
s
q )+1.
We assume moreover that they robustly belong to the same chain-recurrence
class Cf , which has a partially hyperbolic structure with 1 dimensional central
bundle Ec. Such construction can be obtained using blenders, as in [BD1].
We can guarantee that a central orientation is preserved so that each point
in Cf has a right and a left central direction. We will choose p to be extremal
points of the class Cf in the following sense (see section 2.2): we assume that the
strong stable manifold W ss(p) of p just meets Cf at p and that the intersection
Cf ∩W
s(p) is contained in a right half submanifold bounded by W ss(p). In
this case the class Cf is contained in a cuspidal prism whose edge is the strong
unstable manifold of p, see figure 1. One easily verifies that this hypothesis is
robust: a fundamental domain of W ss(p) and of the left component of W s(p)\
W ss(p) goes out of a filtrating neighborhood of Cf . We call such a point p
a right stable cuspidal point. Symmetrically one chooses q to be left unstable
cuspidal : W uu and a right half submanifold bounded by W ss(p) just meet Cf
at q.
As p and q belong to the same class, small perturbations produce heteroclinic
intersections W u(p)∩W s(q). In particular, any such intersection belongs to Cf
but the simultaneous left and right cuspidal geometry implies that it is isolated
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in Cf . This formalizes into the following criterion that we use for obtaining
our main theorem.
Isolated Point Criterion. Let Cf be a partially hyperbolic chain-recurrence
class. Assume that its central bundle is one-dimensional and endowed with an
invariant continuous orientation. Consider in Cf a right stable cuspidal point
p and a left unstable cuspidal point q, satisfying dim(Esp) = dim(E
s
q ) + 1.
Then, any intersection point x ∈ W u(p) ∩W s(q) is isolated in Cf .
Our construction uses strongly the existence of strong stable and strong
unstable manifolds outside of the chain-recurrence class Cf . Therefore this
class cannot be an attractor, that is, a transitive set with a neighborhood U
satisfying Cf = ∩n≥0f
n(U); nor can it be an attractor for f−1. The following
question remains open.
Question 3. Is there a dense Gδ subset G ⊂ Diff
1(M) such that every attractor
of any f ∈ G is robustly transitive?
2. A mechanism for having isolated points in a chain-recurrence
class
2.1. Preliminaries on invariant bundles. Consider f ∈ Diff1(M) preserv-
ing a set Λ.
A Df -invariant subbundle E ⊂ TΛM is uniformly contracted (resp. uni-
formly expanded) if there exists N > 0 such that for every unit vector v ∈ E,
we have
‖DfNv‖ <
1
2
(resp. > 2).
A Df -invariant splitting TΛM = E
ss ⊕ Ec ⊕ Euu is partially hyperbolic if
Ess is uniformly contracted, Euu is uniformly expanded, both are non trivial,
and if there exists N > 0 such that for any x ∈ Λ and any unit vectors
vs ∈ E
ss
x , vc ∈ E
c
x and vu ∈ E
uu
x we have:
‖DfNvs‖ <
1
2
‖DfNvc‖ <
1
4
‖DfNvu‖.
Ess, Ec and Euu are called the strong stable, center, and strong unstable bun-
dles.
Remark 2. We will sometimes consider a Df -invariant continuous orientation
of Ec. When Λ is the union of two different periodic orbits Op, Oq and of a het-
eroclinic orbit {fn(x)} ⊂W u(Op) ∩W
s(Oq), such an orientation exists if and
only if above each orbit Op, Oq, the tangent map Df preserves an orientation
of the central bundle.
On a one-dimensional bundle, an orientation corresponds to a unit vector
field tangent.
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2.2. Cuspidal periodic points. Let p be a hyperbolic periodic point whose
orbit is partially hyperbolic with a one-dimensional central bundle. When the
central space is stable, there exists a strong stable manifold W ss(p) tangent
to Essp that is invariant by the iterates f
τ that fix p. It is contained in and
separates the stable manifoldW s(p) in two half stable manifolds which contain
W ss(p) as a boundary.
Let us consider an orientation of Ecp. The unit vector defining the orientation
goes inward on one half stable manifold of p, that we call the right half stable
manifold Rs(p). The other one is called the left half stable manifold Ls(p).
These half stable manifolds are invariant by an iterate f τ which fixes p if and
only if the orientation of Ecp is preserved by Df
τ
p . When the central space
is unstable, one defines similarly the right and left half unstable manifolds
Ru(p), Lu(p).
Definition 1. A hyperbolic periodic point p is right stable cuspidal if:
– its orbit is partially hyperbolic, the central bundle is one-dimensional
and stable;
– the left half stable manifold of p intersects the chain-recurrence class
of p only at p.
Symmetrically one defines the left stable cuspidal points.
When the chain-recurrence class C containing p is not reduced to the orbit
Op of p, this forces the existence of a Df -invariant orientation on the central
bundle of Op. In this case, the other half stable manifold intersects C at points
different from p. The choice of the name has to do with the geometry it imposes
on C∩W s(p) in a neighborhood of p, see figure 1. This notion appears in [BD4].
It is stronger than the notion of stable boundary points in [CP]. We can define
in a similar way the left/right unstable cuspidal points.
Remark 3. If p is a stable cuspidal point, then the hyperbolic continuation pg
is still stable cuspidal for every g that is C1-close to f . Indeed, there exists
a compact set ∆ ⊂ Ls(p) which meets every orbit of Ls(p) \ {p} and which
is disjoint from R(f). By semi-continuity of the chain-recurrent set, a small
neighborhood V of ∆ is disjoint from R(g) for any g close to f and meets
every orbit of the continuation of Ls(p) \ {p}.
2.3. Description of the mechanism. Let x be a point in a chain-recurrence
class C. We introduce the following assumptions (see figure 2).
(H1) C contains two periodic points p, q such that dim(Esp) = dim(E
s
q) + 1.
(H2) The point x belongs to W u(p) ∩W s(q). The union Λ of the orbits of
x, p, q has a partially hyperbolic decomposition with a one-dimensional
central bundle. There exists a Df -invariant continuous orientation of
the central bundle over Λ
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W s(p)
Lsloc
p
C
W cu(p)
Figure 1. Geometry of a chain-recurrence class C near a stable
cuspidal fixed point.
(H3) For the central orientation on Λ:
(i) the point p is a right stable cuspidal point;
(ii) the point q is a left unstable cuspidal point.
Note that from remark 2 and the fact that a central orientation is preserved for
cuspidal points, a Df -invariant continuous orientation of the central bundle
over Λ always exists. The following proposition implies the isolation point
criterion stated in the introduction.
Proposition 1. Under (H1)-(H3), the point x is isolated in the chain-recurrence
class C. In particular, C is not transitive and is not a homoclinic class.
2.4. Proof of proposition 1. Let q be a periodic point whose orbit is par-
tially hyperbolic and whose central bundle is one-dimensional and unstable.
We shall assume that there is an orientation in Ecq which is preserved by Df .
We fix such an orientation of the central bundle Ecq , so that the left and right
half unstable manifolds of q are defined. We denote by du + 1 the unstable
dimension of q.
Any x ∈ W s(q) has uniquely defined stable Esx and center stable E
cs
x di-
rections: the first one is the tangent space TxW
s(q); a vector v ∈ TxM \ {0}
belongs to the second if the direction of its positive iterates Dfn(v) stays
away from the directions of Euuq . If E
′ ⊂ E are two vector subspaces of TxM
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W ss(p)
Lsloc
p
W s(p)
x
W uu(q)
q
Ruloc
W u(p)
Figure 2. Hypothesis (H1)-(H3).
such that E is transverse to Esx and E
′ is transverse to Ecsx (hence E
′ is one-
codimensional in E), then F = Ecsx ∩ E is a one-dimensional space whose
forward iterates converge to the unstable bundle over the orbit of q. As a con-
sequence, there exists an orientation of F which converges to the orientation
of the central bundle by forward iterations.
There is thus a connected component of E \ E ′, such that it intersects F
in the orientation of F which converges towards the central orientation, its
closure is the right half plane of E \ E ′. The closure of the other component
is the left half plane of E \ E ′.
Consider a C1-embedding ϕ : [−1, 1]d
u
→M such that x := ϕ(0) belongs to
W s(q).
Definition 2. The embedding ϕ is coherent with the central orientation at q
if
– E := D0ϕ(R
du+1) and E ′ := D0ϕ({0} × R
du) are transverse to Esz , E
cs
z
respectively;
– the half-plaque ϕ([0, 1]× [−1, 1]d
u
) is tangent to the right half-plane of
E \ E ′.
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Let ∆u be a compact set contained in Ru(q) \ {q} which meets each orbit of
Ru(q) \ {q}.
Lemma 2. Let {ϕa}a∈A be a continuous family of C
1-embeddings that are
coherent with the central orientation at q. Consider some a0 ∈ A and a neigh-
borhood V u of ∆u.
Then, there exist δ > 0 and some neighborhood A of a0 such that any point
z ∈ ϕa([0, δ]× [−δ, δ]
du) different from ϕa(0) has a forward iterate in V
u.
Proof. Let τ ≥ 1 be the period of q and χ : [−1, 1]d →M be some coordinates
such that
– χ(0) = q;
– the image Du := χ((−1, 1) × {0}d−d
u−1 × (−1, 1)d
u
) is contained in
W uloc(q);
– the image Duu := χ({0}d−d
u
× (−1, 1)d
u
) is contained in W uuloc (q);
– the image Du,+ := χ([0, 1) × {0}d−d
u−1 × (−1, 1)d
u
) is contained in
Ru(q);
– f−τ (Du) is contained in Du.
One deduces that there exists n0 ≥ 0 such that:
(i) Any point z close to Du,+ \ f−τ (Du) has an iterate fk(z), |k| ≤ n0, in
V u.
The graph transform argument (see for instance [KH, section 6.2]) gives the
following generalization of the λ-lemma.
Claim. There exists N ≥ 0 and, for all a in a neighborhood A of a0, there
exist some decreasing sequences of disks (Da,n) of [−1, 1]
du+1 and (D′a,n) of
{0} × [−1, 1]d
u
which contain 0 and such that for any n ≥ N one has, in the
coordinates of χ:
– fnτ (Da,n) is the graph of a function D
u → Rd−d
u−1 that is C1-close to
0;
– fnτ (D′a,n) is the graph of a function D
uu → Rd−d
u
that is C1-close to
0.
Let us consider a ∈ A. The image by fnτ of each component of Da,n \
D′a,n is contained in a small neighborhood of a component of D
u \Duu. The
graph fnτ (D′a,n) which is transverse to a constant cone field around the central
direction at q. Since ϕ is coherent with the central orientation at q, one deduces
that
(ii) fnτ◦ϕa
(
([0, 1]× [−1, 1]d
u
) ∩Da,n
)
is contained in a small neighborhood
of Du,+.
For δ > 0 small, any point z ∈ ϕa([−δ, δ] × [−δ, δ]
du) different from ϕa(0)
belongs to some Da,n \Da,n+1, with n ≥ N . Consequently:
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(iii) Any z ∈ ϕa([−δ, δ] × [−δ, δ]
du) \ {ϕa(0)} has a forward iterate in D
u \
f−1(Du).
Putting the properties (i-iii) together, one deduces the announced property.

Proof of proposition 1. We denote by ds+1 (resp. du+1) the stable dimension
of p (resp. the unstable dimension of q) so that the dimension of M satisfies
d = ds + du + 1. Consider a C1-embeddeding ϕ : [−1, 1]d → M with ϕ(0) = x
such that:
– ϕ({0} × [−1, 1]d
s
× {0}d
u
) is contained in W s(q);
– ϕ({0} × {0}d
s
× [−1, 1]d
u
) is contained in W u(p);
– D0ϕ.(1, 0
ds, 0d
u
) is tangent to Ecx and has positive orientation.
Note that all the restrictions of ϕ to [−1, 1]× {as} × [−1, 1]d
u
for as ∈ Rd
s
close to 0, are coherent with the central orientation at q.
Consider a compact set ∆u ⊂ Ru(q)\{q} that meets each orbit of Ru(q)\{q}.
Since C is closed and q is unstable cuspidal, there is a neighborhood V u of ∆u
in M that is disjoint from C. The lemma 2 can be applied: the points in
ϕ([0, δ] × {as} × [−δ, δ]d
u
) distinct from ϕ(0, as, 0d
u
) have an iterate in V u,
hence do not belong to C. This shows that
C ∩ ϕ
(
[0, δ]× [−δ, δ]d−1
)
⊂ ϕ
(
{0} × [−δ, δ]d
s
× {0}d
u
)
.
From (H2), if one reverses the central orientation and if one considers the
dynamics of f−1, then all the restrictions of ϕ to [−1, 1]× [−1, 1]d
s
× {au} for
au ∈ Rd
u
close to 0, are coherent with the central orientation at p. One can
thus argues analogously and gets:
C ∩ ϕ
(
[−δ, 0]× [−δ, δ]d−1
)
⊂ ϕ
(
{0} × {0}d
s
× [−δ, δ]d
u
)
.
Both inclusions give that
C ∩ ϕ
(
[−δ, δ]d
)
= {ϕ(0)},
which says that x = ϕ(0) is isolated in C. 
3. Construction of the example
In this part we build a collection of diffeomorphisms satisfying the properties
(I) and (II) stated in the theorem. The construction will be made only in
dimension 3 for notational purposes. The generalization to higher dimensions
is straightforward.
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3.1. Construction of a diffeomorphism. Let us consider an orientation-
preserving C∞ diffeomorphism H of the plane R2 and a closed subset D =
D− ∪ C ∪D+ such that:
– H(D) ⊂ Int(D) and H(D− ∪D+) ⊂ Int(D−);
– the forward orbit of any point in D− converges towards a sink S ∈ D−;
– C is the cube [0, 5]2 whose maximal invariant set is a hyperbolic horse-
shoe.
On C ∩H−1(C) the map H is piecewise linear, it preserves and contracts by
1/5 the horizontal direction and it preserves and expands by 5 the vertical
direction (see figure 3):
– The set C ∩H(C) is the union of 4 disjoint vertical bands I1, I2, I3, I4
of width 1. We will assume that I1 ∪ I2 ⊂ (0, 2 +
1
3
) × [0, 5] and
I3 ∪ I4 ⊂ (2 +
2
3
, 5)× [0, 5].
– The preimage H−1(C) ∩C is the union of 4 horizontal bands H−1(Ii).
We will assume that H−1(I1∪I2) ⊂ [0, 5]×(0, 2+
1
3
) and H−1(I3∪I4) ⊂
[0, 5]× (2 + 2
3
, 5).
H
I1 I2 I3 I4
S
C
D−
H−1(I1)
H−1(I2)
H−1(I3)
H−1(I4)
D+
Figure 3. The map H.
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We define a C∞ diffeomorphism F of R3 whose restriction to a neighborhood
of D × [−1, 6] it is a skew product of the form
F : (x, t) 7→ (H(x), gx(t)),
where the diffeomorphisms gx are orientation-preserving and satisfy (see figure
4):
(P1) gx does not depend on x in the sets H
−1(Ii) for every i = 1, 2, 3, 4.
(P2) For every (x, t) ∈ D × [−1, 6] one has 4/5 < g′x(t) < 6/5.
(P3) gx has exactly two fixed points inside [−1, 6], which are {0, 4}, {3, 4},
{1, 2} and {1, 5}, when x belongs to H−1(Ii) for i respectively equal to
1, 2, 3 and 4. All fixed points are hyperbolic, moreover,
- g′x(t) < 1 for t ∈ [−1, 3 + 1/2] and x ∈ H
−1(I1) ∪H
−1(I2).
- g′x(t) > 1 for t ∈ [1 + 1/2, 6] and x ∈ H
−1(I3) ∪H
−1(I4).
(P4) For every (x, t) ∈ (D− ∪D+)× [−1, 6] one has gx(t) > t.
q
51
1 2
3 4
40
p
H−1(I1)
H−1(I2)
H−1(I3)
H−1(I4)
Figure 4. The map gx above each rectangle H
−1(Ii).
We assume furthermore that the following properties are satisfied:
(P5) F (D × [6, 8]) ⊂ Int(D × [6, 8]);
(P6) there exists a sink which attracts the orbit of any point of D × [6, 8];
(P7) F coincides with a linear homothety outside a compact domain;
(P8) any forward orbit meets D × [−1, 8].
One can build a diffeomorphism which coincides with the identity on a neigh-
borhood of the boundary of D0× (−2, 9) and coincides with F in D× (−1, 8)
(D0 denotes a small neighborhood of D in R
2). This implies that, on any
3-dimensional manifold, every isotopy class of diffeomorphisms contains an
element whose restriction to an invariant set is C∞-conjugated to F .
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On any 3-dimensional manifold, one can consider an orientation-preserving
Morse-Smale diffeomorphism and by surgery replace the dynamics on a neigh-
borhood of a sink by the dynamics of F . We denote by f0 the obtained
diffeomorphism.
3.2. First robust properties. We list some properties satisfied by f0, which
are also satisfied by any diffeomorphism f in a small C1-neighborhood U0 of
f0.
Fixed points: By (P3), in each rectangle Int(Ii)× (−1, 6), there exists
two hyperbolic fixed points pi, qi. Their stable dimensions are respec-
tively equal to 2 and 1. Since p1 and q4 will play special roles, we shall
denote them as p = p1 and q = q4.
Isolation: The two open sets V0 = Int(D)× (−1, 8) and V1 = V0 \ (C ×
[−1, 6]) are isolating blocks, i.e. satisfy f(V0) ⊂ V0 and f(V1) ⊂ V1.
For V0, the property follows immediatly from the construction. The
closure of the second set V1 can be decomposed as the union of:
– D+ × [−1, 6], which is mapped into (D− × [−1, 6]) ∪ (D × [6, 8]),
– D−× [−1, 6] which is also mapped into (D−× [−1, 6])∪(D× [6, 8])
and moreover has a foward iterate in D × [6, 8] by (P4),
– D× [6, 8] which is mapped into itself and whose limit set is a sink.
Hence, any chain-recurrence class which meets the rectangle C ×
[−1, 6] is contained inside. The maximal invariant set of f in C×[−1, 6]
will be denoted by Cf .
Any chain-recurrence class which meets V1 coincides with the sink of
D × [6, 9].
Partial hyperbolicity (property (III) of the theorem): On C×[−1, 6] ⊂
R
3, there exists some narrow cone fields Es, E cs around the coordinate
direction (1, 0, 0) and the plane (x, 0, z) which are invariant by Df−1.
The vectors tangent to Es are uniformly expanded by Df−1. Simi-
larly there exists some forward invariant cone fields Eu, E cu close to the
direction (0, 1, 0) and the plane (0, y, z).
In particular Cf is partialy hyperbolic. Moreover the tangent map
Df preserves the orientation of the central direction such that any
positive unitary central vector is close to the vector (0, 0, 1).
Central expansion: Property (P2) holds for f when one replaces the
derivative g′x(t) by the tangent map ‖Df |Ec(x, t)‖ along the central
bundle.
Properties (H2) and (H3): The point p is stable cuspidal and the
point q is unstable cuspidal. More precisely the left half plaque of
W s(p) and the right half plaque of W u(q) are disjoint from Cf : since
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the chain-recurrence classes of p and q are contained in Cf this im-
plies property (H3). Moreover if there exists an intersection point
x ∈ W u(p) ∩ W s(q) for f , then by the isolating property it is con-
tained in Cf . By preservation of the central orientation, (H2) holds
also.
Let us explain how to prove these properties: it is enough to discuss
the case of the left half-plaque of W s(p) and (arguing as in remark 3)
to assume that f = f0. From (P2) and (P3), we have:
– every point in C×[−1, 0) has a backward iterate outside C×[−1, 6];
– the same holds for every point in (C \ I1)× {0};
– any point in I1 × {0} has some backward image in (C \ I1)× {0},
unless it belongs to W u(p).
Combining these properties, one deduces that the connected component
of W s(p)∩ (C× [−1, 0]) containing p intersects Cf only at p. Note that
this is a left half plaque of W s(p), giving the required property.
Hyperbolic regions: By (P3), the maximal invariant set inQp := [0, 5]×
[0, 2+ 1
3
]× [−1, 3+ 1
2
] and Qq := [0, 5]× [2+
2
3
, 5]× [1+ 1
2
, 6] are two lo-
cally maximal transitive hyperbolic sets, denoted by Kp and Kq. Their
stable dimensions are 2 and 1 respectively. The first one contains p, p2,
the second one contains q, q3.
Tameness (property (4) of the theorem): Since f0 has been obtained
by surgery of a Morse-Smale diffeomorphism, the chain-recurrent set
in M \ Cf is a finite union of hyperbolic periodic orbits.
Any x ∈ Cf has a strong stable manifold W
ss(x). Its local strong stable
manifold W ssloc(x) is the connected component containing x of the intersection
W ss(x) ∩ C × [−1, 6]. It is a curve bounded by {0, 5} × [0, 5]× [−1, 6]. Sym-
metrically, we define W uu(x) and W uuloc (x).
3.3. Central behaviours of the dynamics. We analyze the local strong
stable and strong unstable manifolds of points of Cf depending on their central
position.
Lemma 3. There exists an open set U1 ⊂ U0 such that for every f ∈ U1 and
x ∈ Cf :
(R1) If x ∈ R1 := C × [−1, 4 +
1
2
], then W uuloc (x) ∩W
s(p) 6= ∅.
(R2) If x ∈ R2 := C × [
1
2
, 6], then W ssloc(x) ∩W
u(q) 6= ∅.
(R3) If x ∈ R3 := C× [
1
2
, 2+ 1
2
], then W ssloc(x)∩W
uu
loc (y) 6= ∅ for some y ∈ Kp.
(R4) If x ∈ R4 := C × [2 +
1
2
, 4 + 1
2
], then W uuloc (x) ∩W
ss
loc(y) 6= ∅ for some
y ∈ Kq.
Moreover p2 belongs to R2 and q3 belongs to R1.
TAME DYNAMICS AND ROBUST TRANSITIVITY 15
Proof. Properties (R1) and (R2) follow directly from the continuous variation
of the stable and unstable manifolds. Similarly p2 ∈ R2 and q3 ∈ R1 by
continuity.
We prove (R3) with classical blender arguments (see [BD1] and [BDV, chap-
ter 6] for more details). The set Kp is a called blender-horseshoes in [BD3,
section 3.2].
A cs-strip S is the image by a diffeomorphism φ : [−1, 1]2 → Qp = [0, 5]×
[0, 2 + 1
3
]× [−1, 3 + 1
2
] such that:
– The surface S is tangent to the center-stable cone field and meets C ×
[1
2
, 2 + 1
2
].
– The curves φ(t, [−1, 1]), t ∈ [−1, 1], are tangent to the strong stable
cone field and crosses Qp, i.e. φ(t, {−1, 1}) ⊂ {0, 5} × [0, 2 +
1
3
] ×
[−1, 3 + 1
2
].
– S does not intersect W uloc(p) ∪W
u
loc(p2).
The width of S is the minimal length of the curves contained in S, tangent to
the center cone, and that joins φ(−1, [−1, 1]) and φ(1, [−1, 1]).
Condition (P2) is important to get the following (see [BDV, lemma 6.6] for
more details):
Claim. There exists λ > 1 such that if S is a cs-strip of width ε, then, either
f−1(S) intersects W uloc(p) ∪ W
u
loc(p2) or it contains at least one cs-strip with
width λε.
Proof. Using (P2), the set f−1(S)∩C×[−1, 6] is the union of two bands crossing
C × [−1, 6]: the first has its two first coordinates near H−1(I1), the second
near H−1(I2). Their width is larger than λε where λ > 1 is a lower bound
of the expansion of Df−1 in the central direction inside Q. We assume by
contradiction that none of them intersects W uloc(p)∪W
u
loc(p2), nor C× [
1
2
, 2+ 1
2
].
Since S intersects C×[1
2
, 2+ 1
2
], from conditions (P2) and (P3) the first band
intersects C × [1
2
, 4]. By our assumption it is thus contained in C × (2 + 1
2
, 4].
Using (P2) and (P3) again, this shows that S is contained in C × (2, 4]. The
same argument with the second band shows that S is contained in C× [−1, 2),
a contradiction. 
Repeating this procedure, we get an intersection point between W uloc(p) ∪
W uloc(p2) and a backward iterate of the cs−strip. It gives in turn a transverse
intersection point z between the initial cs−strip and W u(p) ∪ W u(p2). By
construction, all the past iterates of z belong to Qp. Hence z has a well de-
fined local strong unstable manifold. In particular, the intersection y between
W uuloc (z) and W
s
loc(p) (which exists by (R1)) remains in Qp both for future and
past iterates, thus, it belongs to Kp.
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For any point x ∈ Cf ∩R3, one builds a cs-strip by thickening in the central
direction the local strong stable manifold. We have proved that this cs−strip
intersects W uuloc (y) for some y ∈ Kp. One con consider a sequence of thiner
strips. Since Kp is closed and the local strong unstable manifolds vary con-
tinuously, we get at the limit an intersection between W ssloc(x) and W
uu
loc (y
′) for
some y′ ∈ Kp as desired.
This gives (R3). Property (R4) can be obtained similarly. 
We have controled the local strong unstable manifold of points in R1 ∪ R4
and the local strong stable manifold of points in R2∪R3. Since neither R1∪R4
nor R2∪R3 cover completely C× [−1, 6] we shall also make use of the following
result:
Lemma 4. For every diffeomorphism in a small C1-neighborhood U2 ⊂ U0
of f0, the only point whose complete orbit is contained in C × [−1,
1
2
] is p;
symmetrically, the only point whose complete orbit is contained in C× [4+ 1
2
, 6]
is q.
Proof. We argue as for property (H3) in section 3.2: the set of points whose
past iterates stay in C × [−1, 1
2
] is the local strong unstable manifold of p.
Since p is the only point in its local unstable manifold whose future iterates
stay in C × [−1, 1
2
] is p we conclude. 
3.4. Properties (I) and (II) of the theorem. We now check that (I) and
(II) hold for the region U = Int(C×[−1, 6]) and the neighborhood U := U1∩U2.
Proposition 5. For any f ∈ U , x ∈ Cf , there are arbitrarily large nq, np ≥ 0
such that W uuloc (f
nq(x)) ∩W ss(yq) 6= ∅ and W
ss
loc(f
−np(x)) ∩ W uu(yp) 6= ∅ for
some yq ∈ Kq, yp ∈ Kp.
Proof. If {fn(x), n ≥ n0} ⊂ C × [4 +
1
2
, 6], for some n0 ≥ 0, then x ∈ W
ss(q)
by lemma 4.
In the remaining case, there exist some arbitrarily large forward iterates
fn(x) in R1, so that W
uu
loc (f
n(x)) meets W s(p) by lemma 3. Since p is ho-
moclinically related with p2, by the λ-lemma there exists k ≥ 0 such that
fk(W uuloc (f
n(x))) contains W uuloc (x
′) for some x′ ∈ W s(p2)∩R4 because p2 ∈ R4.
By lemma 3, fk(W uuloc (f
n(x))) intersects W ssloc(y
′
q) for some y
′
q ∈ Kq showing
that W uuloc (f
n(x)) ∩W ss(yq) 6= ∅ with yq = f
−k(y′q) in Kq.
We have obtained the first property in all the cases. The second property is
similar. 
The following corollary (together with the isolation property of section 3.2)
implies that for every f ∈ U , the properties (I) and (H1) are verified.
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Corollary 6. For every f ∈ U the set Cf is contained in a chain-transitive
class.
Proof. For any ε > 0 and x ∈ Cf , there exists a ε-pseudo-orbit p = x0, x1, . . . , xn =
p, n ≥ 1, which contains x. Indeed by proposition 5, and using that Kp, Kq are
transitive and contain respectively p and q3, there exists a ε-pseudo-orbit from
p to q3 which contains x. By lemma 3, the unstable manifold of q3 intersects
the stable manifold of p, hence there exists a ε-pseudo-orbit from q3 to p. We
take the concatenation of these pseudo-orbits. 
Now, we show that (H2) holds for a Cr dense set D of U . Since (H1) and
(H3) are satisfied, proposition 1 implies that the property (II) of the theorem
holds with the set D ⊂ U . In fact, as we noticed in section 3.2 it is enough to
get the following.
Corollary 7. For every r ≥ 1, the set
D = {f ∈ U , W u(p) ∩W s(q) 6= ∅}
is dense in U ∩ Diffr(M). It is a countable union of one-codimensional sub-
manifolds.
In the C1 topology, this result is direct consequence of the connecting lemma
(together with proposition 5). The additional structure of our specific example
allows to make these perturbations in any Cr-topology.
Proof. Fix any f ∈ U . By proposition 5, there exists x ∈ Kq such that
W u(p) intersects W ss(x) at a point y (notice that y 6∈ Kq ∪ {p}). Let U be a
neighborhood of y such that:
– U is disjoint from the iterates of y, i.e. {fn(y) : n ∈ Z} ∩ U = {y};
– U is disjoint from Kq ∪ {p}.
Given a Cr neighborhood V of the identity, there exists a neighborhood
V ⊂ U of y such that, for every z ∈ V , the set V contains a diffeomorphism
gz which coincides with the identity in the complement of U and maps y at z.
SinceKq is locally maximal, there exists x¯ ∈ Kq∩W
s(q) near x. In particular
W ssloc(x) intersects V in a point z whose backward orbit is disjoint from U .
For the diffeomorphism h = gz ◦ f (which is C
r-close to f) the manifolds
W s(q) and W u(p) intersect. Indeed both f and h satisfy f−1(y) ∈ W u(p) and
z ∈ W ssloc(x). Since W
ss
loc(x) ⊂W
ss(q) and h(f−1(y)) = z we get the conclusion.
For each integer n ≥ 1, the manifolds fn(W uuloc (p)) and W
ss
loc(q) have disjoint
boundary and intersect in at most finitely many points. One deduces that
the set Dn of diffeomorphisms such that they intersect is a finite union of
one-codimensional submanifold of U . The set D is the countable union of the
Dn. 
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3.5. Other properties. We here show properties (1), (2) and (3) of the the-
orem.
Proposition 8. For every f ∈ U and x ∈ Cf we have:
– If x 6∈ W s(q), there exist large n ≥ 0 such thatW uuloc (f
n(x))∩W s(p) 6= ∅.
– If x 6∈ W u(p), there exists large n ≥ 0 such thatW ssloc(f
−n(x))∩W u(q) 6=
∅.
Moreover, in the first case x belongs to the homoclinic class of p and in the
second it belongs to the homoclinic class of q.
Proof. By lemma 4, any point x ∈ Cf \ W
s(q) has arbitrarily large iterates
fn(x) in R1, proving that W
uu
loc (f
n(x)) ∩W s(p) 6= ∅.
In particular, W s(p) intersects transversaly W uuloc (x) at points arbitrarily
close to x. On the other hand by proposition 5, there exists a sequence zn
converging to x and points yn ∈ Kp such that zn ∈ W
u(yn) for each n, proving
that W uuloc (zn) intersects W
u(p) transversaly at a point close to x when n is
large. By the λ-lemma,W uuloc (yn) is the C
1-limit of a sequence of discs contained
in W u(p). This proves that W u(p) and W s(p) have a transverse intersection
point close to x, hence x belongs to the homoclinic class of p.
The other properties are obtained analogously. 
Let Hf denotes the homoclinic class of p. The next gives property (1) of the
theorem.
Corollary 9. For every f ∈ U , the homoclinic class of any hyperbolic periodic
point of Cf coincides with Hf . Moreover, the periodic points in Cf of the same
stable index are homoclinically related.
Proof. Let z ∈ Cf be a hyperbolic periodic point whose stable index is 2.
By proposition 5 W ss(z) intersects W uuloc (y) for some y ∈ Kp, this implies
that W s(z) intersects W uuloc (y) and since W
uu
loc (y) is accumulated by W
u(p) we
get that W s(z) intersects W u(p). Now, by proposition 8, W u(z) intersects
W s(p). Moreover the partial hyperbolicity implies that the intersections are
transversal, proving that z and p are homoclinically related. One shows in
the same way that any hyperbolic periodic point whose stable index is 1 is
homoclinically related to q.
It remains to prove that the homoclinic classes of p and q coincide. The
homoclinic class of q contains a dense set of points x that are homoclinic to q3.
In particular, x does not belong toW u(q), hence belongs to the homoclinic class
of p by proposition 8. This gives one inclusion. The other one is similar. 
Properties (2) and (3) of the theorem follow from corollary 7 and the fol-
lowing.
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Corollary 10. For every f ∈ U we have Cf\Hf = W
s(q) ∩W u(p).
Proof. By corollary 9, a point x ∈ Cf\Hf does not belong to the homoclinic
class of q (nor to the homoclinic class of p by definition of Hf). Proposition 8
gives Cf\Hf ⊂W
s(q)∩W u(p). Proposition 1 proves that the points ofW s(q)∩
W u(p) are isolated in Cf . Since any point in a non-trivial homoclinic class is
limit of a sequence of distinct periodic points of the class we conclude that
W s(q) ∩W u(p) and Hf are disjoint. 
The proof of the theorem is now complete.
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